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We show that the process of entanglement distillation is 
irreversible by showing that the entanglement cost of a bound 
entangled state is finite. Such irreversibility remains even if 
extra pure entanglement is loaned to assist the distillation 
process. 
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The appearance of irreversibility in physical processes 
can be regarded as one of the most fundamental and stud- 
ied problems in the history of Physics. In the context of 
Quantum Information, it has been pointed out that an 
irreversible loss of entanglement might be present in the 
process of entanglement distillation That is, the 

amount of pure entanglement that can be distilled out of 
N copies of some state p might be strictly smaller than 
the one needed to create those copies if only local oper- 
ations and classical communication (LOCC) are allowed 
and in the asymptotic limit (N — > oo). Although when 
p represents a pure state this process is known to be re- 
versible H , it is generally believed that for mixed states 
this is not the case 0]. This last statement has not been 
proved so far @). In this Letter we prove it, i.e. we show, 
by means of an example, that the process of entanglement 
distillation is inherently irreversible. We will also extend 
this result to a broader context set by catalytic local oper- 
ations and classical communication (LOCCc) ||, where 
pure entanglement — to be subsequently returned — is 
loaned to assist the distillation process. 

Perhaps, the strongest indication that we have so far 
of the irreversibility of entanglement distillation is given 
by the existence of so-called bound entangled states || . 
Those are states from which no entanglement can be dis- 
tilled but for which, in order to create a single copy, en- 
tanglement is required. Notice that, in spite of being very 
suggestive, this indication is not conclusive. It does not 
rule out the possibility that, in order to create a larger 
number of copies, the amount of entanglement needed 
per copy vanishes in the asymptotic limit. Although this 
seems unlikely, it has not been disproved so far. On the 
other hand, it is also not clear yet whether bound en- 
tangled states can be activated, and ultimately distilled, 
with the help of some borrowed pure entanglement. This 
would still leave an open door for some form of catalytic 
reversibility. 

In the present work we will show that the bound en- 
tangled state with positive partial transposition (PPT) 
introduced in Ref. || has a non-vanishing entanglement 
cost in the asymptotic limit. We will also show that 



no more pure entanglement can be distilled from PPT 
states, than just the amount that may have been used in 
order to assist the distillation process. In this way, the 
irreversibility of the asymptotic manipulation of entan- 
glement in the context of LOCC — and also in that of 
LOCCc — will immediately follow. 

Let us formulate more precisely the problem. We con- 
sider two parties located in spatially separated regions 
and possessing N copies of the state p. Let us consider 



a transformation p 



p/jv which fulfills 



Jim D(^>l*X*O-0, 

N — >oo 



(i) 



for some integer M depending on N, where \^>) = 
( 1 0, 1) — |l,0))/\/2 is the two-qubit singlet state and D 
is a properly chosen distance measure [pTo| . The entan- 
glement of distillation Eo{p) is defined as the maximal 
asymptotic ratio M/N with respect to all possible trans- 
formations which consist of LOCC On the other 
hand, let us assume now that the parties possess M two- 
qubit singlet states and they are able to transform them 
into the state pu fulfilling 



Jim D{p M ,p 

M— >oo 



,0N 



)-o, 



(2) 



for some integer N. The entanglement cost Ec(p) is 
defined as the minimal asymptotic ratio M/N also with 
respect to all LOCC fL2|| , The distillation process of a 
state p is irreversible if En(p) < Ec(p)- 

Let us consider a density operator p acting on Ha®Hb 
and let us call P the projector onto the range of p. Then, 
we have that the entanglement cost of p can be bounded 
below as follows: 

Theorem 1: If (e, f\P® N \e, f) < a N for all normal- 
ized product vectors \e,f) G (H A )® N ® {H B )® N then 
E c {p) > -log 2 a- 

Proof: We will use the results of Ref. |Q where it is 
shown that 



Ec{p) 



lim 



Ef{ P ® N ) 
N 



(3) 



where the limit exists. The entanglement of formation 
Ef can be determined by considering decompositions of 
the form (lUTF 



= > .P. 



(4) 



and minimizing the quantity ^2iPiE{^i) with respect to 
all possible decompositions. Here, E denotes the entropy 



1 



of entanglement |J . Writing the Schmidt decomposition 
= J2k c iM e i,k, fi,k) we have that 



(e 1 \f N \P® N \e N J»)<(3 



\ci, k \ 2 <(ei,k,fi,k\ p ® N \ei,k,fi,k) <a 



(5) 



where the first inequality is a consequence of the fact 
that < P®^, since all the vectors must be 

in the range of p® N . Given the fact that ^ fc \ci^\ 2 = 1 
we have that E(*f?i) > —N\og 2 (a) for all i and therefore 
J2i PiE(^>i) > — Alog 2 (a) for all decompositions. □ 

Let us consider the bound entangled state pb intro- 
duced in Ref . || , where Ha = Hb =d 3 . It is defined 
as pb = P&/4, where Pb is a projector operator onto the 
orthogonal complement to the subspace spanned by the 
following vectors: 

|0>®(|0> + |1», 
(|0> + |1»®|2>, 

|2>®(|1> + |2», 
(|1> + |2»®|0>, 
(|0)-|1) + |2))®(|0)-|1) + |2)). 

This state has a positive partial transposition, and there- 
fore it is not distillable {E]j{pb) = 0) ||. Later on we 
will elaborate on this result. Our goal for the time being 
is to show that Ec(pb) > 0. 

We will use the following properties of the operator Pj,: 



t + P b = £ \ a k,h)(a>k,b k \, 
k 

a x = sup (e, f\Pb\e, /) < 1. 



(6a) 
(6b) 



The first equation indicates that the operator 1 + Pb 
is separable. This can be proven by showing that the 
projector operators P\ = 1 — \oq, oq) (ao, a,o\ and P2 = 
Pb + |ao ; a o) ( a 07 a o| are both separable, where \ao) = 
(|0) - |1> + |2))/V3. First, choosing |on) and 1 0,2) in 
such a way that {|afc)}fc =0 forms an orthonormal basis 
one immediately sees that the range of P\ is spanned by 
the mutually orthogonal product vectors \ak tl ak 2 ) where 
k±, &2 = 0, 1, 2 except for k\ = k 2 = and therefore P\ 
is separable. Analogously, the range of P2 is spanned by 
the following mutually orthogonal product vectors 

|0>®(|0)-|1», 
(|0)-|1»®|2), 

|2)®(|1)-|2)), 
(|1)-|2))®|0), 

|1)®|1). 

The second equation is a direct consequence of the fact 
that the range of Pb contains no product vectors and that 
(e, f\Pb\e, /) is a continuous function of |e, /) defined on 
a compact set so that it reaches its supremum Q . 

We will now show that for any normalized product 
vector \e N ,f N ) where |e w ), |/") G (@ 3 )® N , 



(7) 



where (3 = (l+a±)/2 < 1. Then, the above theorem read- 
ily implies that the entanglement cost Ec of the bound 
entangled state pb — Pb/^ (and of any mixed state with 
the same support Pb) is finite. We will use induction over 
the number of copies N to show that Eq. (0) holds. First, 
for N = 1 it is true because of Eq. ( |&b| ) and ot\ < (3. Now, 
let us assume that it is true for a given N. Then, for any 



product vector \e N+1 , 
have 



f N+1 ) e (<r 



3\<®N+1 



3\®JV+1 



wo 



N+1 fN+1 



(1 + P) 







N 



P 



\e N+1 J N+1 )>0. 



(8) 

The reason is that using (pa) and defining |e^) = 
(ak\e N+1 ) and |/^) = (bk\f } we can write the lhs 
of this equation as 



11 p®N 

(3 N 



(9) 



where all the terms in the sum are positive according to 
the induction hypothesis (0). Now, we can write 



(1 + P)' 



11 p»N 

I3 N 



< 1 + P® 1- —p» N + 1 . 



(10) 



Substituting this expression in Eq. (H) we arrive at 
(e N+1 / Ar + 1 |p® Ar+1 | e Ar+1 f N+1 ) 



1 



< + (e N+l ,f N+l \P ® l|e iv +\ / iv+i )) 

< N+1 , 



(11) 



as we wanted to prove. 

The very same techniques can be applied to obtain 
lower bounds for the entanglement cost Ec also for more 
general mixed states. Notice that the relevant ingredi- 
ents we have used are Eqs. ( |6a|) and (6b), and that both 
conditions are only concerned with the support of the 
state pb- Therefore, for any projector P satisfying Eqs. 
(J6a]) and (6b), we get a non-trivial bound for the entan- 



glement cost of any state supported on it |15[ . 

We move now to consider the distillability of the PPT 
state pb and the extension of the irreversibility result to 
catalytic (i.e. LOCCc-based) distillation. In m it was 
shown that inseparable states Ob with PPT can not be 
distilled into two-qubit singlet states |^) using LOCC. 
The original proof relies on the fact that singlet states 
have a negative partial transposition (NPT), and LOCC 
cannot transform a PPT state into a NPT state. Notice, 
however, that if the parties initially share, in addition to 
the N copies of the state L two-qubit singlet states 
|$), then the original argument cannot be applied, be- 
cause erf N ® |*)(^| 8i is a NPT state for any L > 1. 
And, then, maybe the transformation 



2 



cr, 



l*x*l 



®M+L 



(12) 



is asymptotically possible with some finite ratio M/N, in 
what would be a LOCCc distillation. Thus, our previous 
results for the state pb do not yet exclude the possibility 
that in the large N limit the equivalence 



l*>(* 



(13) 



under LOCC holds, i.e., that the distillation of pb can 
be turned into a reversible process using entanglement 
catalysis. 

The following, general result on bound entanglement 
readily implies that pb is not distillable even with LOCCc, 
thereby providing an example of asymptotic irreversibil- 
ity also in a broader sense than that of LOCC. 

Theorem 2: Given N copies of a PTT state <ib and 
N 1 copies of some other state a, the number of singlets 
that can be asymptotically distilled from them are, at 
most, the number of singlets required to create a® N : 

E D (af N ® a® N ') < N'Ec(a), (14) 

which in particular means that 

E D {(Jb®a)<E c {a)- E D (a b ) = 0. (15) 

Proof: Consider the upper bound on distillability given 
by the logarithmic negativity Ej^(p) = log 2 ||/0 Tb ||i [ p^[ , 
where Tb stands for partial transposition and = 
trv AfA is the trace norm of A. E^f is an additive func- 
tion which vanishes for PPT states and is 1 for singlet 
states. Therefore, for general N, L we have 



Em(o-® n ® \*)(<f\® L ) 



L. 



(16) 



which implies that at most L single states can be dis- 
tilled from erf N Setting L = N'E c (cr), and 
observing that such number of singlets is sufficient to cre- 
ate a® N locally, so that no more singlets can be distilled 
from of N ®a® N ' than from of N <g> |*)(*|® L , we obtain 
Eq. 0. □ 

Thus, an optimal LOCC transformation of the form of 
Eq. (|1J) has M = L, and pure entanglement does not 
help at distilling PPT states for LOCCc transformations 
[pL7|| . On the other hand it is easy to see that the en- 
tanglement cost of creating a mixed and a pure state is 
additive, so that [H 



Ec(a? ® |* }<*| 0i ) = NEc(p) 



(17) 



Then, when considering both the upper bound on distill- 
ability of Eq. ( |l6|) and the entanglement cost of Eq.(17), 
both applied to the PPT state pb for which we have 
proved that Ec{pb) > 0, we readily conclude that also 
the asymptotic LOCCc manipulation of entanglement is 
irreversible. 

Summarizing, we have shown that the asymptotic en- 
tanglement cost Eq for locally preparing a given bound 



entangled state pb is finite. Since no pure-state entan- 
glement can be distilled from the state pb even in the 
asymptotic limit [i.e. Erj(pb) = 0], this result implies 
that the asymptotic interconversion, by means of LOCC, 
between pure- and mixed-state entanglement is in gen- 
eral not a reversible process. We have finally proved that 
such an irreversibility also occurs for asymptotic LOCCc 
transformations. 
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